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Abstract 

It is known that the graviton two-point function for the de Sitter invariant 
"Euchdean" vacuum in a physical gauge grows logarithmicahy with distance in 
spatiaUy-flat de Sitter spacetime. We show that this logarithmic behaviour is a 
gauge artifact by explicitly demonstrating that the same behaviour can be repro- 
duced by a pure-gauge two-point function. 



1 Introduction 

De Sitter spacetime is a maximally symmetric solution of the vacuum Einstein equations 
with positive cosmological constant, 

Rab - ^gabR + J^Qab = . (1) 

(See Ref. ^ for a detailed description of de Sitter spacetime.) Physics in this spacetime 
has been studied extensively due to its relevance to inflationary cosmologies 0. The 
graviton two-point function has been of particular interest in this context. Ford and 
Parker analysed linearised gravity in spatially-flat de Sitter spacetime and found that 
the mode functions in a physical gauge are similar to those of minimally-coupled massless 
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scalar field . Since the latter theory exhibits infrared (IR) divergences similar to those 
of massless scalar field theory in two-dimensional Minkowski spacetime 0, one may 
suspect that there would be IR divergences in hnearised gravity in de Sitter spacetime 
as well. However, it was shown that there are no physical IR divergences in the graviton 
two-point function in de Sitter spacetime which was obtained by analytic continuation 
from that on the 4-sphere [§. It was also found that the behaviour of mode functions 
responsible for the apparent IR divergences in spatially-flat de Sitter spacetime is a 
gauge artifact 0, and it was shown explicitly that the IR divergences in the graviton 
two-point function in a physical gauge can be gauged away 0. Thus, it has been 
established that there are no physical IR divergences in linearised gravity in de Sitter 
spacetime. However, there is another apparent problem which is closely related: the 
graviton two-point function grows logarithmically with distance. If this behaviour were 
physical, then it would have a significant effect on physics of inflationary cosmologies. 

The aim of this paper is to show that this logarithmic growth is also a gauge artifact. 
Specifically, we show that the large- distance logarithmic behaviour of the physical gravi- 
ton two-point function computed by Allen can be gauged away by demonstrating that 
the same behaviour arises in the two-point function of pure-gauge form. The rest of the 
paper is organised as follows. In section 2 we present the graviton two-point function in 
a physical gauge and show that its logarithmically growing part can be gauged away. In 
section 3 we show that this logarithmic behaviour can be reproduced by a pure-gauge 
field obeying a relativistic field equation. We summarise our results and make some re- 
marks in section 4. In Appendix A, we list some integrals used in this work. Appendix B 
contains details of the calculations in section 3. We adopt the metric signature ( — 
and set ^ = c = 16nG = 1 throughout this paper. 



2 The physical graviton two-point function 

We work with the metric which covers half of de Sitter spacetime: 

ds^ = -^{-dX^ + dx^ + dy^ + dz^) , (2) 

where = A/3, i.e. Qab = (-^^A)~^diag(— 1, 1, 1, 1). In the expanding half of de Sitter 
spacetime, the parameter A takes positive values and decreases from cxd to towards the 
future. By letting gab = g^ab + ^ab, where gf^ is the de Sitter metric (H), and linearising 
the Hilbert-Einstein Lagrangian density, we have for linearised gravity 



L = J-gW 
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where the covariant derivative Va is compatible with the background metric Indices 
are raised and lowered by g'^f^ and h is the trace of hab- (We will denote g^^J by gab from 
now on.) The Lagrangian density yields the following Euler-Lagrange equation: 

i {nhab - VaVch\ - VbVch\ + VaVbh) 

+l9ab{VcVdh'''' - ah) - [hab + \gabh) = , (4) 
where □ = VqV". Equation is invariant under the gauge transformations 

hab hab + VaAft + WbK ■ (5) 

We will first fix the gauge completely at the classical level. 
By imposing the gauge condition, 

Vbh""^ - -Vh = , (6) 
2 

we find from 

\^hab - ^gab^h - [hab + ^^afc/i) = . (7) 

The trace h can be gauged away as follows. By taking the trace of (J^) we have 

[U + QH'^)h = {) . (8) 
Using this equation, we can replace hab by a traceless field satisfying (0), 

hab = hab + '^Jp'^'^'^bh , (9) 

which is gauge-equivalent to the original field hab- Thus, the trace h can be gauged away. 

The field hab, which we will denote by hab from now on, is transverse-traceless, (i.e. 
it satisfies V'^hab = h^^ — 0) ^^"^ obeys the following equation: 

{U - 2H^)hab = Q . (10) 

The general solution of this equation can be found, e.g. in 0. Now, this equation allows 
solutions which are pure gauge: the field 



h':^=Vaib + Vbia (11) 
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is transverse-traceless and satisfies (^) if V^C,c = and 



(12) 



This gauge freedom allows us to fix the gauge further and in effect we can impose the 
following gauge conditions on the field hat- 

traceless : h^c = ; 
transverse : Vbh""^ = ; 
synchronous : f^hab = , 

where is the future-pointing unit vector parallel to —{d/dX)"". 

Allen considered quantisation of linearised gravity in this gauge, which we call the 
physical gauge, and computed the symmetrised two-point function. Here, we present 
essentially the same results for the unsymmetrised two-point function, Gaba'b'{x,x') = 
{0\hab{x)ha'b'{x')\0), where the state |0) is the so-called Euclidean vacuum f^. The 
unprimed indices refer to the spacetime point x, whereas the primed indices refer to the 
spacetime point x'. 

Following Allen, we define the projection operator Pab = Qab + ta^b at point x, which 
projects tensors onto the fiat spatial section of constant A. The tensor Pat is the metric 
tensor on this spatial section. In our coordinate system it has the form 

Pab = (m)-Miag(0, 1, 1, 1) . (13) 

We define Pa>b' to be the same projection operator at point x'. We define a bi-covector 
Pab' by 

Pab' = (if'AA')-Miag(0, 1,1,1). (14) 

Next we define the comoving spatial separation r of two points x = (A, Xi, 0:2, X3) and 
OC — ^ ^3} 

r{x, x') = yj{xi- x[y + {x2 - x'2)'^ + {x3 - x'^y . (15) 
For any given two points x and x' the vectors and V""' are defined in components as 

= :^(0,x-x'), l^'*' = ^(0,x'-x). (16) 

The vector V"" and V^' are the unit vectors at points x and x', respectively, which is 
parallel to the projection of the tangent vector to the geodesic joining two points x and 
x' onto the constant A hypersurface. 
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The field hab{)\, x) has the following mode expansion 



(17) 



where the symmetric traceless tensors H^''^^ satisfy jjj^''^^ = §ss' g^j^^ fc^ff^^'*-* = 
f^H^'^^ = 0. We have defined k = ||k||. Here, (i^k = dkidk2dk^ and k-x = kiXi + k2X2 + 
k^xs- The Hankel function h!^^^2{^) is given by 



n \ ^3/2 ^1/2^ 

The operators 6*^'*''(k) and b^^^^Y satisfy the commutation relations 

[6W(k), 6(^')(k')^] = (5"''5^(k - k') , 



(19) 



with all other commutators vanishing. The Euclidean vacuum |0) isdefinedby6W(k)|0) = 
for all k and s. By using the mode expansion (plTf) and remembering that the two-point 
function is a maximally symmetric bi-tensor in the spatial sections, we find 



Gaba'b'ix, x') = /i(A, A', r)9^^l,,, + MX, A', r)9^'lba'b' + fsi^, A', r)e^''\ba'b' 
where the bi-tensors 9^^\ba'b' are given by 

e^'\ba'b' = (VaVb-^PabWa'Vb'-^Pa'b') 

2 

(^^'^\ba'b' = Paa'Pbb' + Pba' Pab' — -PabPa'b' 

6^^\ba'b' = 4:VaVbVa>Vb' + Paa'VbVb' + Pba'VaVb' + Pab'VbVa' + Pbb'VaVa' 

The functions /i, /2 and are given by 
/i 



^^V^V^ - 3)^2 - \ {l5V' - mV'' - 12) 



Stt 



+ 



-(5V^-9)V^2 + 



/2 



iY^AA' 



/3 



87r2 

g^2j,2 



4^^ 3(1 -n . 

1V\V^ + 1)^2 - ^(15V' + 20V^ 
4 15 



(20) 

(21) 

(22) 
(23) 



(24) 



(25) 



(26) 



where 



and 



V = (27) 



^1 = log[aV(l-r^)^]+47, (2^ 



^2 = V^Og[y-^j . (29) 

Here, 7 is Euler's constant and a{> 0) is an infrared cut-off. Since these results are 
essentially the same as those in Ref. [0 — recall that we have set IGttG = 1 — we omit 
the details of the calculations. The method is similar to that used in the next section. 

In the large-r limit these functions become 



3IP 

/32 



/i = 77r-2 +0{r-'), (30) 
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Notice that the two-point function Gaha'v is IR- divergent and grows logarithmically 
with distance due to the behaviour of the function f2- However, this behaviour can 
be a gauge artifact because linearised gravity has gauge invariance (^. The two-point 
function Gaba'b' is physically equivalent to G'^^Jf^, if 

Gaba'b' {X, X') = GJ^%, (X, X') + V a'TbV + V bV a'Tab' + V aV b'T.a' + V bV b'T^a' • (33) 

If there is a field Taa' such that V a'Tbb' + ^ b^ a'Tab' + ^ aS^ b'Tba' + ^ b^ b'Taa' contains a 
term proportional to — (iJ^/207r^) loga^r^ x Ol^ha'b'^ then the modified two-point function 
^oTo/b' ^ill be IR finite and has no logarithmic growth with distance r. Allen found that 
the IR divergence could be gauged away in a similar manner. However, it is not difficult 
to show that the logarithmic growth with distance r can be gauged away together with 
the IR divergence. Indeed we find 

log«V X = -hVaVa'Kw + VaVb'Kha'+VbVa'Kab'+VbVb'Kaa') 

O 

+ - {Paa'VbVb' + Pa'bVaVb' + Pa'bVa'Vb + Pbb'VaVa' 

+4:PabVa'Vb' + APa'b'VaVb — APaa'Pbb' — ^Pab'Pa'b 
-WaVbVa'Vy) (34) 

with ^ 

Kaa' = J^i^aVa' + 2Paa') log « V . (35) 
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Therefore we have 

+ TT^ i^aVa'Kw + VbVa'Kab' + VaVb'K^a' + V^VyKaa') ,(36) 

where G™§^y (x, x') does not grow logarithmically as the function of the distance between 
the two points x and x' and is IR finite. 

This proves that the logr behaviour of the two-point function Gaba'v is a gauge arti- 
fact. However, it may be desirable to use the two-point function (0|V(a.^;,)(x)V(a'^6')(a;')|0) 
of a vector field for gauging away the log a^r^ term in order to have a better under- 
standing of the logarithmic growth. In the next section we show how this can be done. 



3 Pure-gauge two-point function 

Recall that the tensor h^^ = Va6 + ^b^a given by satisfies V''/iiJ = h^^^" = 
and (□ — 2H'^)h^2 = 0- These are the equations satisfied by hab in the physical gauge. 
Hence, it is natural to expect that the two-point function of h^^^ has a structure similar 
to Gaba'b'- We will find that this is indeed the case and that the loga^r^ term in the 
two-point function Gaba'b' can be gauged away, in the manner described at the end of 
the previous section, using the two-point function of hl^,j with an additional condition 

r^a = 0. 

First we note that the transverse solutions to equation ([T2| ) satisfying the condition 
t^'^a = are [§ 

H 

where the polarisation vectors hSa'^\ -5 = 15 2, are orthogonal to fc" and and satisfy 



= ^^\"'Hf;>,{kxY'^-u^'^\ (37) 



The Hankel function H^^^^{z) is given by 



2 / 3i 3 i 



We expand the field Ca{x) as 

U^,\) = j2j d\ [c(^)(k)ei^)(k,x,A) + c(^)(k)tei^)(k,x,A) 



s=l ■ 



(40) 
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We then impose the commutation relations 

[c(^Hk), c^^'HkOl = S'''6^{k - k') , (41) 

with all other commutators being zero. (Since the field C,a is a fictitious field introduced 
to rewrite the two-point function Gaba'b'i there is no need to derive these commutation 
relations.) Requiring that a*-'^^(k)|0) = for all s and k, we have the two-point function 
of ia, 

Maa'{x,x') = {0\U^)^a'{x')\o) 

= /ci='k^ei^)(k,x,A)elf^(k,x',AO. (42) 

s=l 



By using (|3^) and (pOD , we find 



Eei^Hk,x,A)df^(k,x',AO 
=1 



where 

E{k,X,X') = 9A;-^ - 9z(A - A')A;-^ + [9AA' - 3(A2 + A'')]/t-3 

-3«AA'(A- A')A;-' + A2A''A;-^ (44) 

Using the properties of h'^\'k), we get 

E /.i^)(k)/.lt)(k) = ^ (5.., - ^) , (45) 

where Saa' = XX'Paa'- (In components, 611 = 622 = ^33 = 1 and all other components 
vanish.) We have also defined the spatial part of ka as ka = Pj'kb- It is also convenient to 
define the spacelike projections of the partial derivatives as Pa'^dc = da and Pj'dc' = da'- 
Combining equations (|4^)-(^5D, we obtain 



1 1\ AkAX 



^ I dkeEik,X,Xy 

x/dae^'^-(— , (46) 
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where the convergence factor e~^'^ has been introduced to make the integral converge for 
large wave numbers k. We have also defined AA = \ — \' + ie, and fl^ is the solid angle 
in the k space. Noting that dae'^^'^^~^'^ = ikaC'^^''^'^^^'^ and 

f ,„ ik-Cx-xM 47rsin/cr 

/ dfike = , (47) 

J kr 

we obtain 

1 '\ AkAX 



( J dada'\ sin /cr 
We will show that the pure-gauge two-point function, 

Taba'y = {aib)^ {a'iv)\^) : (49) 

has the same loga^r^ term as Gaba'b'- We first note that 

+ Vfe^a = jC^9ab = CdcQab + QacdbC + QbcdaC , (50) 

where is the Lie derivative with respect to the vector Since the vector field we 
consider (i.e., ^") satisfies t"-^a = 0, we have ^^dcQab = 0. [Recall that the metric gab 
depends only on time A and that is proportional to —{d/dX)"'.] Hence we find 

Taba'b' = m'^ia^b){x)V(^Ab'){^'m 

= VaVa'Mw + VaVyM^ + VfoVa'M^f,, + Vb^b'Maa' 
= 9ac9a'c'dbdymX''\^) + 9ac9b'c'dbda^{<d\CC'\^) 

+9bc9a'c'dadb'mT'\^) + 9bc9b'c'dada'mT'\^) ■ (51) 
Define T^^^^iy to be the spacelike projection of Taba'b' i 

J-aba'b' - A ^a' ^b' ^^cdc'd' ■ 

Then, remembering that t^^" = 0, we find 

TL'b' = dbdb'Maa' (X, X') + dA'Mab' (X, X') + dadyM^a' {x, x') + OaOa' {x, x') , (53) 

where Maa' is given by (|48|) . The components with one timelike index can be represented 

by 

T-iB p c±d p c' p d' rp 

''-aa'b' — ^a^ ^a> ^b' ^ cdd d' 

= -jd,,^[\'Maa'{x,x')]-jda'^[\'Mab'{x,x')]. (54) 
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(The minus sign arises due to the fact that the parameter A decreases towards the future.) 
We define T^^, as the tensor obtained by interchanging the primed and unprimed indices 
in T^a'b'- The components with two timehke indices can be represented by 



rpC D Cidrc' r) d' rp 

^ab' = ^a^^ A' ^ cdc'd' 



W dXdX 

The pure-gauge two-point function Taba'h' is given by 



(55) 



Taba'b' 



T^a'b' + ^bT^a'b' + ^aT^a'b' + ^b'T^ba' + ^a'T^bb' 



2^2 ^ /l(2) 



(56) 



We will find that T^^,f^, contains a term proportional to loga r x 9\^;^,y, whereas the 
other two tensors T^/^/ and T^y contain no terms which grow with the distance r. 



By using (^8]) and (0) we have 
1 



rpA 

-'- aba'b' 



47r2A2A'2 



dkk'E{k,X,X')e 



xidbdb'Saa' + dbda'Sab' + daOb'Sba' + daOa'Sbb' " ^dada'dbdb') 

sin kr 
kr 



X ■ 



(57) 



This tensor can be evaluated by using the integration formulas in Appendix A. The 
result is 

(58) 



rpA 

^ aba'b' 


r 


-tensors 6*^*^ 


) 

a'b' 


= -"'\ 


'36 


47r2 1 





+3- 



,Ay 

.A_^ 



^ '^aba'b' "r 

iefined in s 

/2(^4 ^ 3^2 

12^2 



'aba'b' 



'aba'b' ' 



1-^2 



+ 8 + 15V\A -ijj) 



15(4- V^) 



4(-7j-5V^ 

(1 - V^2)2 



(59) 



y(2) 



i/^ rl8 108 . U,2r. ota2 



47r2 
AA' 



-1- — + -V'[4 + 3V'{A 



-2 + 3V^(4-^) 



2\/2 



A^A 



4{V^ - 2) 

(l-\/2)2 



+ 3(4-^) 
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+ ^logaV(l-\/2) 
5 



(60) 



2.(3) 



47^2 
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AA' 



-1 + 151/2(4 -V^) 



2\/2 



A^A 



15(4 -^Z-) 



4[9 + 1/2(5^2 _ ^2)] 

(1-1/2)3 



To compute T^^'w "^^ ^^e (^) and (|54D and find 



aa'6' 



i7 



47r2AA'2 



dkk' 



d_ 



X Saa'db' + Sab' da' " 2 



E(A;,A,A')e" 

dydada'\ siu fcr 



fc2 



Then, using the integral formulas in Appendix A, we have 

7-B _f{l)oW , 7^(2)^(2) 
aa'b' — ^ Paa'b' ^ ^ Paa'b' 



with 



f^al'b' = Paa'Vb' + Pab'Va' + 21^14' H' 
f^aa'b' — Pa'b'Va — Paa'Vb' — Pab'Va' — ^VaVa'Vb' 



and 



2^(1) 



jj"^ [3A 1 1 2AAX3A - AQ 

4^jVl-1/2^^ (1-1/2)2 

1 SA^A'V 1 



r4 (1 - 1^2)3 



j,{2) 



r2A 



47r2 



1-1/2 



2A2A'V(3F2 _ 5) 3 



(1-1^2)2 



^AV2 



We have defined V'2 = 1^ ^V'- 

Next we examine the tensor T^, by using (|55|) and (H). We first find 



rpC 



<9a<9fe' \ sin /cr 



>\ AkAX 



X ( - 



A;2 



By integrating over k, we have 



= S^'^Pab' + S^^^VaVa' 
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where the S^^^ and S**^^^ are given by 



^(1) 



27r2 



V 



r2 (1 - v^y 



1 



2XX'V^ iXX'V^ 

+ 



XX'H ^ 



1 1 4AA' 

+ ^7 



r2 (1 - V 



2A2 



(70) 
(71) 



Details of the calculations presented here can be found in Appendix B. 



4 Conclusion 

It can be seen from the results of the previous section that T^a'b' '^ai' of order 
and of order r"^, respectively, and that they are both IR finite. Hence, we have 
from ( |56D 

Taba'b' = T^ba'b' + 0{r'^) 

/18 108 9 , 2 2^ .(2) 

-f X + \ X + 0(r-') . (72) 

By comparing this result and the physical two-point function Gaba'v given by (^) with 
(|g)-(|3|), we find 

Gaba'b'{x,x') = GrA'(a;,x') + ^{Q\V(a^{x)V(a'ib'){x'm , (73) 

where the two-point function G^^^y{x,x'), which is related to Gaba'b'{x,x') by a gauge 
transformation, is IR finite and does not grow logarithmically with r. Thus, we have 
shown that the logarithmic behaviour in Gaba'b'{x, x') can be gauged away by a two-point 
function of a pure-gauge field. 

Recently, Hawking, Hertog and Turok have found that the physical graviton two- 
point function is well-behaved for large distances in open de Sitter spacetime. Now, 
gauge-invariant correlation functions must be the same in the de Sitter invariant vac- 
uum, whether we use the spatially-fiat or open coordinate system. Hence, their result 
implies that there cannot be any physical effects due to the logarithmic term in the 
two-point function (|20|). This is consistent with our result. Finally, it will be interesting 
to investigate the implication of our result for two-point functions in covariant gauges 
(see, e.g. Ref. gM)- 
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Appendix A. Some useful integrals 



We first obtain 



f 

J a 



dk , 



ik{x+ie) 



k 



dn i-oo 
— cos K-\-i 

a{x+ie) H J ax H 



. f°° dfi . , , . . ni , , , , 

}/ — sm K, — — loga[x + le) + — , (Alj 



where the terms of order a or higher are neglected. By differentiating this formula with 
respect to x we find 

^J.^ik{x+ie) ^ (A2) 



^0 

/ dkke'^^''^''^ ^ 
Jo 



X + te 
2i 

{x + ie)^ ' 
1 



(x + ie) 



2 ' 



We define K = ^ — 1 and use integration by parts to find the following formulas: 



J a F 

~ dk 



'^"^ = ix[K + 1 - log ax] , 



Akx 



a k^ 



1 ix X' 



2 r 3 

K ^ log ax 



ix x'^ ix^ 



ikx_ J_, 

. k^^ ~ 3a3 2a2 2a 



K -\ log ax 

6 



°° dk 

a F 



Akx 



1 ix X 

+ 



• 4 

IX X 

+ 777 



4q;4 3a3 Aa"^ 6a 24 I 



.X 25 , 

AH log a,r 

12 ^ 



1 X 

+ 



• 3 4 

X 

+ 



5q;5 4a4 Ga^ I2a2 24a 120 



137 , 

K + — - log ax 
oU 



(A3) 
(A4) 

(A5) 

(A6) 
(A7) 
(A8) 
(A9) 



Appendix B. Details of the calculation of the pure- 
gauge two-point function 



Bl. Spatial components 

To calculate T^^^i^ we start from the quantity 



47r 



^aba'V 



{XX') 



4 5 5 5 ?, \ sin /cr 



(Bl) 
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in equation {^7\j. By using 



~ df ~ 

daf{r) = ^ -, daVa 

or r 



(B2) 



and using symmetries of Aaba'b' we find 



^aba'b' 



(AAO 



ranra'Tb' 



where 

^(3) 
^(4) 
^(5) 



A-n 
A-n 
Ait 
An 
Air 



, ^(3) 5a'b'rarb + 6abra,rb' , ^(4)^; A . A A ^ 
' h A"- '{Oa'bOab' + ^fcb'Claa') 

+A^^^6abhb' 



Ak sin kr AO cos kr ISOsin/cr 420cos/cr 420sinA;r' 
+ r-o + 



kr^ 



k^r^ 



k sin kr 7 cos kr 27sinfcr 60cosA;r 60sinA;r' 



+ 



kr^ 



+ 



k^r^ 



A cos kr 24 sin kr 60 cos kr 60 sin kr 

+ 



kr^ 



k^r* 



k^r^ 



2 cos kr 6 sin kr 12 cos kr 12 sin kr 

+ , o + 



kr^ 



'4sinA;r 12cos/cr 12sinA;r' 
+ 



(B3) 

,(B4) 
(B5) 
(B6) 
(B7) 
(B8) 



Using the definitions for Pab and Va, we can express Aaba'b' in terms of Pah and Va as 

i^-'v4,fe„,,, = X VaVbVa'Vb' + X {Paa'VbVb' + Pba'VaVb' + PabVbVa' + Pbb'VaVa') 

X (P,,fe.KH + PabVa'Vb') + A(^) X [Pa'bPab' + Pfefe'^aa') 
X PabPa'b' . (B9) 

The identity I'^^Aaba'v = imphes that A^^^ - 4^^^) + SA^^) = A^^) + 2^^^) + SA^^) = 0. 
These equations are indeed satisfied. They allow us to eliminate A^^^ and A^^\ Thus, 
we obtain 

Aaba'b' = -3A(3) X + A(^) X ^21,,, + X ^it,, , (BIO) 

where the 9^'^^ are defined in section ^. By substituting this in equation (|57D and noting 
that 



cos kr ■ 



A;" 
sin /cr 
A;" * 



ikAX 



1 

2 
1 

2^ 



gifc(r+AA) gifc(-r+AA) 
+ 



A;" 



gifc(r+AA) gifc(-r+AA) 



(Bll) 
(B12) 
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we can calculate T^^,f^,, using the integrals in Appendix A. Thus we obtain 

^ofta'b' = '^^^^ ^ ^iba'b' + ^ ^aba'b' + ^'■^'^ ^ ^aba'b' (-^l^) 



where 



r 36AA'(AA)2 60A2A''(AA) 



47r2 [ r2(r- AA)(r + AA) r2(r - AA)2(r + AA) 



2 



84A2A'^ , 36 ^ 36h{X,X') ^ 12{X^ + A'^) 



(r- AA)2(r + AA)2 5 r2 
18(A5-A'^), r + AA 



log —ITT , (B14) 



rp(2) 



^5 _^ _|_ /W ^ 

\ 18 108 2AA'(3(AA)2 + 2AA') 4A2A'^ 



-7 



47r2 [ 5 ' 25 r2(r- AA)(r + AA) (r - AA)2(r + AA)2 
4 (AA)2 SAY 12 /i(A,A0 
5 r2 r2 5 

+ -loga2 r2_ AA 2 - ^log — — , B15 

5 5 r'' — r + AA J 

T(=^) = { [3((AA)2 - AAOr^ + (33AA'(AA)2 - 6(AA)^ + 36A2A'')r^ 



47r2 

+(-51AA'(AA)^ - 48A2A'' + 3(AA)^)r2 
+20A2A''(AA)^ + 21AA'(AA)Vr2(r + AA)^(r - AA) 



2\/2^A\^4 I oi \ W A \^6l /^2^^ , A W'i I ^. A\^3_^ 

5 

AA' + 4(AA)2 I2h{\\') 6(A5-A'^), r + AA 



log — ^-TT >(B16) 



with 



/i(A, A') = A^ + A=^A' + A^A'' + AA'' + A'' . (BIT) 
The expression (^Tj) follows by reexpressing these in terms of V and if). 
B2. Components with one time index 

We first find a simpler form for the expression (^). We note that 
47r ( 7. X \ X X X \ sin/cr 



i/3AA'2V "" " p-^-^^V kr 

( COS kr sin kr \ 

= 47r —- X P„„,H/ 

y r fcr^ y 

^ f sin kr 3 cos kr 3 sin A;r \ , „ ^ ^ t ^ t ^ n 

+4^ [-^ + kh^j X (-^-'^^' + - P^^'V^') 

, I COS A;r 6 sin kr 15 cos kr 15 sin fcr \ x 
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We also find 
d 



E{k, A, AOe^'^^^-^'^l = [3AA;-^ - S^AAA + AA'(-A' + 3A)A; + zX^X'h^]e"''^^ . (B19) 



dX 

Therefore we liave 
H d ~ 



X dX 



dk>[X^Maa'{x,x')] 



167r3 
X < An 



J dk [sXk-^ - 32AAA + AA'(-A' + 3A)A; + zA^A'^Pe^'^^^} 
cos kr sin kr 



kr"^ 



+47r 
+47r 



sin kr 3 cos kr 3 sin kr 

+ 



kr^ 



COS kr 6sinA;r IScosfcr ISsin/cr 

+ 



kr"^ 



X Paa'Vb' 

X {— Paa'Vb' + Pa'b'Va " Pab'Va' 



(B20) 



We obtain tlie analogous expression for {H/X){d/dX)da'[X^Mab'{x,x')] by interchanging 
a' with h' . Thus, we have 



rpB 

^aa'b' 



■y|^a'[A'M,,,(x,x')] - ^^da'\X^Mab'{x,x')] 



167r3 



dk 



3Xk-^ - 3zAAA + AA'(-A' + 3A)A; + iX^X'^"^ 



where Daa'b' is given by 



Xe*'^^" X Daa'b' , 



J^aa'b' — J-^ Paa'b' + ^ Paa'b' 



(B21) 
(B22) 



with 



Dm 
Dm 



Stt 



' cos kr sin kr ' 



kr"^ 



sin kr 3 cos /cr 3 sin kr 

+ 



kr'^ 



k'^r^ 



kh-^ 



and 



f^al'b' = Paa'Vy + Pab'Va> + 2KK'H' , 
l^a'a'b' — Pa'b'Va — Paa'Vb' — Pab'Va' — 5VaVa'Vb' . 



(B23) 



(B24) 
(B25) 



Again, by performing the k integration using the formulas in Appendix A we find the 
result in flB^). 
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B3. Components with two time indices 

We begin by noting that 



Ait 



Sab' 



dady \ sin kr 



H^XX' V J kr 

sin kr cos kr sin kr 



kr 



+ 



, q q I Paa' 



, /sinA;r Scosfcr 3sinA;r\^^^^ 

+AtT I — + I VaVa' 



kr 



k^r^ 



and 



dXdX' 
Therefore we find 

rnC 

-'-ab' 



E{k,X,X')e 



XX'k - iXX'AXk' + X'X'"k-^] e 



2 \/2r 3\ J.kAX 



XX' dXdX 



-[{XX'^M^yix^x')] 



167r3 



where Eat' is given by 



dk (aA'A; - iXX'AXk"^ + X'^X'^k^) e'^^^ x E, 

Eay=E^^^Pay + E^^^VaVy 



with 



^(1) 



, / sin kr cos kr sin kr ' 
47r I — + 



kr 



( sin kr 3 cos kr 3 sin kr ' 

^-^l^ + ^sp 



We integrate over /c using the formulas in Appendix A and obtain 

Tab' = S^'^Pab' + S^^KVy , 



with 



5(2) 



H^XX' 
27r2 

H^XX'r^ 
27r2 



A2 + A 



/2 



+ 



4AA'(AA)^ 



(r- AA)2(r + AA)2 (r + AA)3(r - AA)^ 

1 4AA' 

+ 



(r- AA)2(r + AA)2 (r + AA)3(r - AA) 



By expressing these in terms of V and powers of AA' we find (ITT 



(B26) 



(B27) 



(B28) 
(B29) 

(B30) 
(B31) 

(B32) 

(B33) 
(B34) 
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